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RELATING CATLIN AND D’ANGELO q-TYPES
VASILE BRINZANESCU AND ANDREEA C. NICOARA
Abstract. We clarify the relationship between the two most standard measurements of the
order of contact of q-dimensional complex varieties with a real hypersurface, the Catlin and
D’Angelo q-types, by showing that the former equals the generic value of the normalized order
of contact measured along curves whose infimum is by definition the D’Angelo q-type.
Contents
1. Introduction 1
2. Catlin and D’Angelo q-types 3
3. Proof of results 6
References 11
1. Introduction
The purpose of this note is finishing the work initiated in [1] as far as elucidating the rela-
tionship between Catlin and D’Angelo q-types.
As the results in [1] are proven with respect to the generic value, we introduce the following
definition; see also [2]:
Definition 1.1. Let 2 ≤ q ≤ n. If I is an ideal in Ox0 ,
∆˜q(I, x0) = gen.val{w1,...,wq−1} ∆1
(
(I, w1, . . . , wq−1), x0
)
,
where the generic value is taken over all non-degenerate sets {w1, . . . , wq−1} of linear forms in
Ox0 , (I, w1, . . . , wq−1) is the ideal in Ox0 generated by I, w1, . . . , wq−1, and ∆1 is the D’Angelo
1-type. Likewise, if M is a real hypersurface in Cn and x0 ∈M,
∆˜q(M,x0) = gen.val{w1,...,wq−1} ∆1
(
(I(M), w1, . . . , wq−1), x0
)
,
where (I(M), w1, . . . , wq−1) is the ideal in C
∞
x0
generated by all smooth functions I(M) vanishing
on M along with w1, . . . , wq−1.
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Let Dq denote the Catlin q-type, and let ∆q be the D’Angelo q-type. The two main theorems
in [1] can now be stated with respect to ∆˜q as follows:
Theorem 1.2 (Theorem 1.1 [1],[2]). Let I be an ideal of germs of holomorphic functions at
x0, then for 1 ≤ q ≤ n
Dq(I, x0) ≤ ∆˜q(I, x0) ≤ (Dq(I, x0))
n−q+1 .
Theorem 1.3 (Theorem 1.2 [1],[2]). Let Ω in Cn be a domain with C∞ boundary. Let x0 ∈ bΩ
be a point on the boundary of the domain, and let 1 ≤ q < n.
(i) Dq(bΩ, x0) ≤ ∆˜q(bΩ, x0);
(ii) If ∆˜q(bΩ, x0) <∞ and the domain is q-positive at x0 (the q version of D’Angelo’s property
P), then
∆˜q(bΩ, x0) ≤ 2
(
Dq(bΩ, x0)
2
)n−q
.
In particular, if bΩ is pseudoconvex at x0 and ∆˜q(bΩ, x0) <∞, then
Dq(bΩ, x0) ≤ ∆˜q(bΩ, x0) ≤ 2
(
Dq(bΩ, x0)
2
)n−q
.
The hypothesis ∆˜q(bΩ, x0) < ∞ may seem less natural than its counterpart with respect to
∆q, but it is an easy consequence of D’Angelo’s work in [4] that ∆q and ∆˜q are simultaneously
finite:
Proposition 1.4. Let I be any ideal in Ox0 . For any 2 ≤ q ≤ n,
∆q(I, x0) ≤ ∆˜q(I, x0) ≤ (∆q(I, x0))
n−q+1 .
We shall prove this proposition in Section 3.
Martino Fassina produced an example in [6] when the Catlin and D’Angelo q-types are not
equal to each other, answering a question that has been open since 1987 when [3] was published.
In that example,
∆2(I, 0) = 3 < 4 = ∆˜2(I, 0) = D2(I, 0).
The main result of this paper is the following characterization of the Catlin q-type Dq that
clarifies completely how it relates to the D’Angelo q-type:
Main Theorem 1.5. (i) Let I be an ideal of germs of holomorphic functions at x0, and let
2 ≤ q ≤ n, then
Dq(I, x0) = ∆˜q(I, x0).
(ii) Let Ω in Cn be a domain with C∞ boundary. Let x0 ∈ bΩ be a point on the boundary of
the domain, and let 2 ≤ q < n. Then
Dq(bΩ, x0) = ∆˜q(bΩ, x0).
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In [3] Catlin defined his q-type Dq by starting with the germ of a q-dimensional variety
V q and constructing an open set in the Grassmannian Gn−q+1 of all (n − q + 1)-dimensional
complex linear subspaces through x0 in C
n that is specific to a given V q. His construction is so
delicate because the aim is to obtain the same number of curves in the intersection of V q with
each (n − q + 1)-dimensional complex linear subspace in this open set and the same maximal
normalized order of contact measured along the intersection curves. As a result, proving the
equality of Dq with ∆˜q is trickier than it seems. Given any curve and any subspace W, we have
to show the existence of a cylinder variety with the subspace W as the directrix subspace along
the curve at x0. This construction allows us to construct a q-dimensional variety V
q starting
with any curve whose open set in the Grassmanian Gn−q+1 in Catlin’s construction is well
behaved.
The paper is organized as follows: We devote Section 2 to recalling the definitions of the Catlin
and D’Angelo q-types and relevant results. We then prove Proposition 1.4 and Theorem 1.5,
the Main Theorem, in Section 3.
Acknowledgements The work of Vasile Brinzanescu was partially supported by a grant of
the Ministry of Research and Innovation, CNCS - UEFISCDI, project number PN-III-P4-ID-
PCE-2016-0030, within PNCDI III.
2. Catlin and D’Angelo q-types
For the convenience of the reader, we first recall the definitions of the D’Angelo and Catlin
q-types and the properties needed for proving the results in Section 1.
Definition 2.1. Let C∞x0 be the ring of smooth germs at x0 ∈ C
n, and let I be an ideal in C∞x0
or Ox0 .
∆1(I, x0) = sup
ϕ∈C(n,x0)
inf
g∈I
ord0 ϕ
∗g
ord0 ϕ
,
where C(n, x0) is the set of all germs of holomorphic curves
ϕ : (U, 0)→ (Cn, x0)
such that ϕ(0) = x0 for U is some neighborhood of the origin in C
1, ord0 is the vanishing order
at the origin, and ord0 ϕ = min1≤j≤m ord0 ϕj.
Definition 2.2. Let 2 ≤ q ≤ n. If I is an ideal in Ox0 , the D’Angelo q-type is given by
∆q(I, x0) = inf
{w1,...,wq−1}
∆1
(
(I, w1, . . . , wq−1), x0
)
,
where the infimum is taken over all non-degenerate sets {w1, . . . , wq−1} of linear forms in Ox0
and (I, w1, . . . , wq−1) is the ideal in Ox0 generated by I, w1, . . . , wq−1. Likewise, if M is a real
hypersurface in Cn, x0 ∈ M, and 2 ≤ q < n, the D’Angelo q-type of the hypersurface M is
given by
∆q(M,x0) = inf
{w1,...,wq−1}
∆1
(
(I(M), w1, . . . , wq−1), x0
)
,
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where (I(M), w1, . . . , wq−1) is the ideal in C
∞
x0
generated by all smooth functions I(M) vanishing
on M along with w1, . . . , wq−1.
Definition 2.3. If I is an ideal in Ox0 ,
D(I, x0) = dimC(Ox0/I).
Proposition 2.4 (Proposition 2.8 [1]). Let I be a proper ideal in Ox0, and let x0 ∈ C
n.
inf
{w1,...,wq−1}
D
(
(I, w1, . . . , wq−1), x0
)
= gen.val{w1,...,wq−1}D
(
(I, w1, . . . , wq−1), x0
)
,
where {w1, . . . , wq−1} is a non-degenerate set of linear forms in Ox0 , (I, w1, . . . , wq−1) is the
ideal in Ox0 generated by I, w1, . . . , wq−1, and the infimum and the generic value are both taken
over all such non-degenerate sets {w1, . . . , wq−1} of linear forms in Ox0 . In other words, the
infimum is achieved and equals the generic value.
Theorem 2.5 (D’Angelo, Theorem 2.7 [4]). If I is an ideal in Ox0 containing q linearly
independent linear forms w1, . . . , wq, then
∆1(I, x0) ≤ D(I, x0) ≤ (∆1(I, x0))
n−q . (2.1)
If ∆q(M,x0) = t < ∞, let k = ⌈t⌉ be the ceiling of t. By Proposition 14 from p.88 of [5],
∆q(M,x0) = ∆q(Mk, x0), where Mk is real hypersurface defined by rk, the polynomial with the
same k-jet at x0 as the defining function r of M. By D’Angelo’s polarization technique from
[4],
rk = Re{h}+ ||f ||
2 − ||g||2,
where ||f ||2 =
∑N
j=1 |fj|
2, ||g||2 =
∑N
j=1 |gj|
2, and the functions h, f1, . . . , fN , g1, . . . , gN are all
holomorphic polynomials in n variables.
We recall from [1] the q version of D’Angelo’s property P, q-positivity, the hypothesis that
appears in Theorem 1.3:
Definition 2.6 (Definition 2.14 [1]). LetM be a real hypersurface of Cn, and let x0 ∈M be such
that ∆q(M,x0) < k. Let jk,x0r = rk = Re{h} + ||f ||
2 − ||g||2 be a holomorphic decomposition
at x0 of the k-jet of the defining function r of M. We say that M is q-positive at x0 if for every
holomorphic curve ϕ ∈ C(n, x0) for which ϕ
∗h vanishes and such that the image of ϕ locally
lies in the zero locus of a non-degenerate set of linear forms {w1, . . . , wq−1} at x0, the following
two conditions are satisfied:
(i) ord0 ϕ
∗r is even, i.e. ord0 ϕ
∗r = 2a, for some a ∈ N;
(ii)
(
d
dt
)a(
d
dt¯
)a
ϕ∗r(0) 6= 0.
RELATING CATLIN AND D’ANGELO q-TYPES 5
Let V q be the germ of a q-dimensional complex variety passing through x0. Let G
n−q+1 be
the set of all (n− q + 1)-dimensional complex linear subspaces through x0 in C
n. Consider the
intersection V q∩S for S ∈ Gn−q+1. For a generic, namely open and dense, subset W˜ of Gn−q+1,
V q ∩ S consists of finitely many irreducible one-dimensional components V qS,k for k = 1, . . . , P.
We parametrize each such germ of a curve by some open set Uk ∋ 0 in C. Thus, γ
k
S : Uk → V
q
S,k,
where γkS(0) = x0. For every holomorphic germ f ∈ Ox0 , let
τ(f, V q ∩ S) = max
k=1,...,P
ord0
(
γkS
)∗
f
ord0 γ
k
S
.
Likewise, for r the defining function of a real hypersurface M in Cn passing through x0, let
τ(V q ∩ S, x0) = max
k=1,...,P
ord0
(
γkS
)∗
r
ord0 γ
k
S
.
In Proposition 3.1 of [3], Catlin showed τ(f, V q ∩ S) assumes the same value for all S in a
generic subset W˜ of linear subspaces that depends on V q, so he defined
τ(f, V q) = gen.valS∈W˜ {τ(f, V
q ∩ S)}
and
τ(I, V q) = min
f∈I
τ(f, V q).
Proposition 3.1 of [3] likewise implies that τ(V q ∩S, x0) assumes the same value for all S in the
same generic subset W˜ of linear subspaces depending on V q, so Catlin defined
τ(V q, x0) = gen.valS∈W˜ {τ(V
q ∩ S, x0)} .
We will need to explain exactly how the generic subset W˜ depends on the germ of the q-
dimensional complex variety V q when we prove Theorem 1.5 in Section 3, so we defer that
discussion.
Definition 2.7. Let I be an ideal of holomorphic germs at x0, then the Catlin q-type of the
ideal I is given by
Dq(I, x0) = sup
V q
{τ(I, V q)} .
Let M be a real hypersurface in Cn, and let x0 ∈M. The Catlin q-type of M at x0 is given by
Dq(M,x0) = sup
V q
{τ(V q, x0)} .
In both cases, the supremum is taken over the set of all germs of q-dimensional complex varieties
V q passing through x0.
Since there is only one n-dimensional complex linear subspace passing through x0 in C
n,
∆1(M,x0) = D1(M,x0) so the range of q considered in Theorems 1.2, 1.3, and 1.5 starts
at 2.
We shall also need the following result:
6 VASILE BRINZANESCU AND ANDREEA C. NICOARA
Proposition 2.8 (Proposition 4.1 [1],[2]). Let I be any ideal in Ox0 . For any 2 ≤ q ≤ n,
Dq(I, x0) ≤ ∆˜q(I, x0).
3. Proof of results
We claimed in the introduction that ∆q and ∆˜q being simultaneously finite easily follows
from D’Angelo’s work in [4]. Here is the proof:
Proof of Proposition 1.4: Let {w1, . . . , wq−1} be any non-degenerate set of linear forms in
Ox0 . Trivially,
∆q(I, x0) = inf
{w1,...,wq−1}
∆1
(
(I, w1, . . . , wq−1), x0
)
≤ gen.val{w1,...,wq−1} ∆1
(
(I, w1, . . . , wq−1), x0
)
= ∆˜q(I, x0).
Applying (2.1) in Theorem 2.5 with q − 1 instead of q yields
gen.val{w1,...,wq−1} ∆1
(
(I, w1, . . . , wq−1), x0
)
≤ gen.val{w1,...,wq−1} D
(
(I, w1, . . . , wq−1), x0
)
and
inf
{w1,...,wq−1}
D
(
(I, w1, . . . , wq−1), x0
)
≤
(
inf
{w1,...,wq−1}
∆1
(
(I, w1, . . . , wq−1), x0
))n−q+1
,
but
inf
{w1,...,wq−1}
D
(
(I, w1, . . . , wq−1), x0
)
= gen.val{w1,...,wq−1} D
(
(I, w1, . . . , wq−1), x0
)
by Proposition 2.4. 
Our proof of the Main Theorem 1.5 is motivated by a remark Catlin made on pp.147-8 of [3].
Catlin’s remark can be paraphrased as follows: In order to compare the D’Angelo q-type with
his own notion of q-type, it would be necessary to piece together one-dimensional varieties in
order to get a q-dimensional one. We start with the following lemma, which constructs a very
simple q-dimensional variety containing a given curve:
Lemma 3.1. Let 2 ≤ q ≤ n−1. Given a holomorphic curve Γ passing through a point x0 ∈ C
n
and a (q− 1)-dimensional hyperplane Z passing through x0 and satisfying that the tangent line
to the curve Γ at x0 is not contained in Z, there exists a germ of a q-dimensional cylinder C
q
at x0 that contains the curve Γ and whose tangent space at x0 contains Z.
Remark 3.2. If x0 is a singular point of the curve Γ, the curve could have multiple tangent
lines, one for each branch of the curve. In that case, our assumption that the tangent line to
the curve Γ at x0 is not contained in Z means none of the tangent lines of Γ at x0 are contained
in Z.
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Proof: Let Γ ⊂ Cn be a holomorphic curve (dimΓ = 1) given by the equations
f1(z1, z2, ..., zn) = 0
f2(z1, z2, ..., zn) = 0
...
fn−1(z1, z2, ..., zn) = 0
subject to the condition
rank(∂fi/∂zj)1≤i≤n−1; 1≤j≤n = n− 1
that holds generically, namely everywhere except at some isolated points of Γ.
Let x0 = (x
0
1, . . . , x
0
n). The (q − 1)-hyperplane Z is given parametrically as
xi = Σ
q−1
j=1ujitj + x
0
i , i = 1, 2, ..., n
with the condition
rank(uji) = q − 1.
We have assumed that the tangent line to the curve Γ at x0 is not contained in Z, so we can
define the cylinder Cq determined by the curve Γ and the hyperplane Z as follows:
Cq := {M ∈ Cn such that there exists P ∈ Γ with line MP parallel to Z}.
By taking the coordinates for M = (z1, ..., zn) and P = (x1, ..., xn), we obtain
xi − zi = Σ
q−1
j=1ujitj .
From the condition P ∈ Γ, we get the parametric equations of the cylinder Cq:
fl(Σ
q−1
j=1uj1tj + z1, ...,Σ
q−1
j=1ujntj + zn) = 0, l = 1, ..., n− 1.
Differentiation with respect to parameters t1, . . . , tq−1 yields
∂fl
∂tj
=
n∑
i=1
∂fl
∂xi
uji.
The condition that the tangent to the curve Γ at x0 is not parallel to Z implies
rank
(
∂fl
∂tj
)
1≤l≤n−1; 1≤j≤q−1
= q − 1
generically in the neighborhood of x0.
Of course, we have that Γ ⊂ Cq and that the tangent space of Cq at x0 contains Z by
construction. 
8 VASILE BRINZANESCU AND ANDREEA C. NICOARA
Remark 3.3. For each of l = 1, ..., n − 1, the hypersurface with equation fl(z1, ..., zn) = 0
contains the curve Γ.
Proposition 3.4. Let I be an ideal of germs of holomorphic functions at x0, then for 2 ≤ q ≤
n− 1,
∆˜q(I, x0) ≤ Dq(I, x0).
Proof: We proceed as in the proof of Proposition 2.8. Let Dq(I, x0) = t < +∞, else the
estimate is trivially true. Assume ∆˜q(I, x0) > t. By definition,
∆˜q(I, x0) = gen.val{w1,...,wq−1} ∆1
(
(I, w1, . . . , wq−1), x0
)
,
where the generic value is taken over all non-degenerate sets {w1, . . . , wq−1} of linear forms in
Ox0 . Thus, there exist t
′ > t and a curve Γ passing through x0 such that
inf
g∈(I,w′
1
,...,w′q−1)
ord0 Γ
∗g
ord0 Γ
= t′,
for some non-degenerate set {w′1, . . . , w
′
q−1} of linear forms in Ox0 . The variety corresponding to
the non-degenerate set {w′1, . . . , w
′
q−1} of linear forms is a (n− q + 1)-dimensional hyperplane,
which we will call H. Clearly, Γ ⊂ H. Let Z be the (q − 1)-dimensional hyperplane passing
through x0 that is transversal to H, i.e., dimC(H ⊕ Z) = n. Since Γ ⊂ H, the tangent line to
the curve Γ at x0 is not contained in Z. By Lemma 3.1, there exists a germ of a q-dimensional
cylinder CqZ at x0 that contains the curve Γ and whose tangent space at x0 contains Z. We
would like to show that Γ is one of the intersection curves along which τ((I, w′1, . . . , w
′
q−1), C
q
Z)
is measured by examining Catlin’s construction in Proposition 3.1 of [3]. We take advantage of
the fact that the q-dimensional variety CqZ has a particularly simple structure by construction.
In the proof of Proposition 3.1 from [3], Catlin removed three different sets W1, W2, and W3
from Gn−q+1 in order to arrive at his generic set W˜ on which his q-type is computed. We wish
to show that H ∈ W˜ , namely that H cannot belong to any of the three sets W1, W2, and W3
taken out from Gn−q+1. First, to the germ of the variety CqZ , there corresponds the ideal I(C
q
Z)
in the ring Ox0 of all germs of holomorphic functions vanishing on C
q
Z . Using Gunning’s Local
Parametrization Theorem from p.15 of [7], Catlin constructs a set of canonical equations for
CqZ . He chooses a special set of coordinates in which the generators of the ideal simultaneously
satisfy the Weierstrass Preparation Theorem with respect to different principal variables. The
intersection CqZ ∩S for S ∈ G
n−q+1 does not behave well where CqZ fails to have pure dimension
q as the intersection might consist of points rather than curves as well as along the singular
locus of CqZ . The discriminants of the Weierstrass polynomials giving the canonical equations
for CqZ capture the singular locus of C
q
Z , whereas an additional generator gives the non pure
dimensional part of CqZ . To remove both, Catlin constructs a conic variety X
′ whose defining
equation consists of the product of those discriminants with the additional generator. W1
consists of all (n− q+1)-dimensional complex planes that intersect X ′. H cannot intersect X ′
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because it is transversal to Z, and Z is the directrix hyperplane of CqZ , which is a cylindrical
variety. Therefore, H 6∈ W1.
Secondly, to ensure the intersection CqZ ∩ S for S ∈ G
n−q+1 behaves well, a good notion of
transversality has to apply. Since CqZ ∩ S is generically a set of curves for S ∈ G
n−q+1 and
transversality cannot easily be tested for curves, Catlin reduces the intersection to points by
looking at the conic variety corresponding to CqZ , which he denotes by (C
q
Z)
′. The variety (CqZ)
′
has dimension q. Let C˜qZ be the projective variety in P
n−1 corresponding to (CqZ)
′. C˜qZ has
dimension q − 1. For every S ∈ Gn−q+1, there corresponds a projective plane S˜ of dimension
n − q in Pn−1. Generically, C˜qZ ∩ S˜ consists of finitely many points z˜
1, . . . , z˜D with transverse
intersections, meaning that each z˜i is a smooth point of C˜qZ such that the tangent spaces satisfy
Tz˜iC˜
q
Z ∩ Tz˜iS˜ = 0 for i = 1, . . . , D. Let W2 be the subset of G
n−q+1 where this generic behavior
does not take place. Since Z is the directrix hyperplane of CqZ and H is transversal to Z, the
generic behavior does take place along H, so H 6∈ W2.
Finally, the construction ofW1 described above involved the use of canonical equations for C
q
Z .
Variables zq+1, . . . , zn give the regular system of coordinates for the ideal I(C
q
Z) capturing the
pure q-dimensional part of CqZ . More precisely, by Gunning’s Local Parametrization Theorem
cited above, if Ol is the subring of O consisting of germs of holomorphic functions only in
variables z1, . . . , zl, the canonical equations for C
q
Z are given by Weierstrass polynomials gk ∈
I(CqZ) for k = q + 1, . . . , n such that each gk is a Weierstrass polynomial in zk with coefficients
in Ok−1 and Oq ∩ I(C
q
Z) = (0). The variable zq corresponds to the additional generator that
gives the non pure dimensional part of CqZ as we mentioned above. The (q − 1)-dimensional
hyperplane Z is defined by the linear equations
∑n
j=1 a
i
jzj = 0 for i = q, . . . , n that must be
linearly independent. Given which variables form the regular system of coordinates for the ideal
I(CqZ) and the fact that Z is the directrix hyperplane of the cylindrical variety C
q
Z , we must
have that det(aij)q≤i,j≤n 6= 0 for the linear equations defining Z. The (n − q + 1)-dimensional
complex plane S is defined by the linear equations
∑n
j=1 a
i
jzj = 0 for i = 1, . . . , q − 1, which
need to be linearly independent. A (q−1)×(q−1) minor of (aij) therefore should have full rank.
Given the form of the canonical equations of CqZ , for the intersection C
q
Z ∩ S to behave well,
this (q − 1)× (q − 1) minor should be exactly (aij)1≤i,j≤q−1 with respect to the complementary
variables z1, . . . , zq−1. Therefore, Catlin sets
W3 =
{
S ∈ Gn−q+1
∣∣∣ det(aij)1≤i,j≤q−1 = 0
}
.
As we mentioned above, however, Z is characterized by det(aij)q≤i,j≤n 6= 0, and Z and H are
transversal to each other, so the linear equations defining H must satisfy det(aij)1≤i,j≤q−1 6= 0.
We conclude H 6∈ W3.
We have shown thatH ∈ W˜ , so the curve Γ enters into the computation of τ((I, w′1, . . . , w
′
q−1), C
q
Z).
Therefore,
Dq(I, x0) ≥ inf
g∈(I,w′
1
,...,w′q−1)
ord0 Γ
∗g
ord0 Γ
= t′ > t = Dq(I, x0),
giving us the needed contradiction.
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
Proposition 3.5. Let Ω in Cn be a domain with C∞ boundary. Let x0 ∈ bΩ be a point on the
boundary of the domain, and let 2 ≤ q ≤ n− 1. Then
∆˜q(bΩ, x0) ≤ Dq(bΩ, x0).
Proof: The proof is very similar to that of the previous result, Propostion 3.4. LetDq(bΩ, x0) =
t < +∞, else the estimate is trivially true. Assume ∆˜q(bΩ, x0) > t. By definition,
∆˜q(bΩ, x0) = gen.val{w1,...,wq−1} ∆1
(
(I(bΩ), w1, . . . , wq−1), x0
)
,
where the generic value is taken over all non-degenerate sets {w1, . . . , wq−1} of linear forms in
Ox0 and
∆1
(
(I(bΩ), w1, . . . , wq−1), x0
)
= sup
ϕ∈C(n,x0)
inf
g∈(I(bΩ),w1,...,wq−1)
ord0 ϕ
∗g
ord0 ϕ
.
Therefore, there exist t′ > t and a curve Γ passing through x0 such that
inf
g∈(I(bΩ),w1,...,wq−1)
ord0 Γ
∗g
ord0 Γ
= t′,
for some non-degenerate set {w′1, . . . , w
′
q−1} of linear forms in Ox0 . We will call H the variety
corresponding to the non-degenerate set {w′1, . . . , w
′
q−1} of linear forms, which is a (n− q + 1)-
dimensional hyperplane. Clearly, Γ ⊂ H as each wj has vanishing order 1 so any value starting
at 2, the lower bound for ∆˜q(bΩ, x0), can only be achieved by a curve that sits in the zero set of
{w′1, . . . , w
′
q−1}. Therefore, infg∈(I(bΩ),w1,...,wq−1) is achieved for g = r, the defining function of the
domain Ω. Let Z be the (q − 1)-dimensional hyperplane passing through x0 that is transversal
to H, i.e., dimC(H⊕Z) = n. Since Γ ⊂ H, the tangent line to the curve Γ at x0 is not contained
in Z. By Lemma 3.1, there exists a germ of a q-dimensional cylinder CqZ at x0 that contains
the curve Γ and whose tangent space at x0 contains Z. By the same analysis as in the proof of
Propostion 3.4, H ∈ W˜ , so the curve Γ enters into the computation of τ(CqZ , x0). Thus,
Dq(bΩ, x0) ≥
ord0 Γ
∗r
ord0 Γ
= t′ > t = Dq(I, x0),
and we have obtained the contradiction we sought. 
Proof of Theorem 1.5: First, we prove part (i). For q=n Proposition 1.4 along with The-
orem 1.2 yield that ∆n(I, x0) = ∆˜n(I, x0) = Dn(I, x0). As a result, the equality only needs
to be proven for 2 ≤ q ≤ n − 1. The inequality Dq(I, x0) ≤ ∆˜q(I, x0) is a consequence of
Theorem 1.2, while ∆˜q(I, x0) ≤ Dq(I, x0) follows from Proposition 3.4.
To prove part (ii), we note that Dq(bΩ, x0) ≤ ∆˜q(bΩ, x0) is a consequence of Theorem 1.3,
while the reverse inequality follows from Proposition 3.5. 
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